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Abstract  
An accurate estimation of rainfall-induced instability of slopes for extremely 
nonhomogeneous materials such as lignite mine spoils is a major challenge. This paper 
investigates the stability of nonhomogeneous soil slopes with respect to slip surface 
development, size of sliding volume, and determination of safety factor. Specified dependent 
random variables are cross-correlated using a multivariate Gaussian copula, the use of which 
provides a faster and more accurate representation of the inter-dependent properties of 
randomly-distributed soil. A Monte-Carlo simulation is used to generate a series of multivariate 
random fields for slopes. These are then implemented in Abaqus and analysed under constant 
rainfall conditions using a fully coupled hydro-elasto-plastic model. The resulting stress, strain, 
pore pressure, and displacement data are further processed in MATLAB to evaluate critical slip 
surfaces and safety factors. Results indicate that the factor of safety in a homogenous case is 
overestimated compared to the nonhomogeneous condition, while the sliding volume is 
underestimated. Moreover, the factor of safety decreases as the rainfall simulation continues and 
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the probability of failure increases to nearly 100% after 10 days of rainfall. The framework 
developed in this paper can provide guidance for conducting relatively inexpensive probabilistic 
analyses. 
Keywords: rainfall-induced slope instability; unsaturated soil; hydro-mechanical coupling; 
random field; copula cross-correlation; lignite spoils  
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1. Introduction  
Soils are spatially variable materials and their variability should be considered in order for 
numerical models to realistically represent the actual in-situ conditions. As a result, there are 
increasing numbers of studies which apply probabilistic methods to many geotechnical analyses. 
Slope stability is a branch of geotechnical engineering in which probabilistic approaches have 
been extensively used. However, most of these studies focused on the stability of dry or saturated 
slopes [e.g. 1, 2-9], where the random field theory [10] has been employed to consider the spatial 
variability of soil properties. An auto-correlation function is used to describe the spatial 
distribution structure of the properties where the value of a property at every spatial point is 
randomly assigned based on the value of adjacent spatial points.  
While the use of auto-correlation functions for a single random geotechnical property is 
relatively straightforward [e.g. 11], serious difficulties arise when two or more geotechnical 
properties are variable. It is well known that geotechnical properties are related to each other, 
and thus it is not appropriate to assign independent random fields for each property. On the other 
hand, relating properties through linear or non-linear regression is rather simplistic if not 
incorrect. As a result, using a cross correlation structure between random properties seems to be 
the most suitable approach where the values of each property are random but also dependent on 
other properties; that is the cross-correlation. The cross-correlation is formulated in the random 
field generation by introducing a cross-correlation matrix. Many slope stability analyses have 
adopted a similar approach [e.g. 2, 12] where such a matrix is used to generate random fields of 
cohesion and friction angle considering lognormal distributions for both properties. For 
multivariate random fields, however, the dependency of the parameters can be much more 
complex, as three or more random dependent variables need to be generated from their marginal 
(one-dimensional) distribution to form a joint (multi-dimensional) probability distribution 
function. Copula theory has recently gained acceptance within the geotechnical community [e.g. 
8, 13, 14] as it can handle mixed marginal distributions to form a versatile joint distribution. 
Another feature of copula theory is that its practical implementation and estimation is relatively 
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straightforward despite its complex theoretical foundations, as will be demonstrated in this 
paper.  
The present study is motivated by the potential catastrophic consequences of instabilities in 
lignite mine spoil dumps [15, 16]. Lignite, also known as brown coal, is a low-rank and low-cost 
energy source which plays an important role in European energy security [17]. Lignite mining 
requires excavation of large amounts of overburden materials, also known as spoils. As an 
example, the Bełchatów mine in Poland is one of the largest excavations in Europe and produces 
38.5 million tons of lignite and 100-120 million m3 of spoil per annum (Bednarczyk, 2016). Spoils 
can be excavated and transported to external and/or internal heaps using a variety of techniques, 
hence they can be considered as anthropogenic soils with highly variable properties. Slope 
instability in spoil heaps represents a significant risk to human safety and can lead to major 
interruption in production operations. Moreover, the long-term stability of the slopes is 
imperative to ensure a safe and sustainable post-mining reclamation process. Given that most of 
the reported instabilities in spoil dumps of European lignite mines are determined to be 
influenced by seasonal fluctuations of the pore water pressure [see 18, 19-21], it is essential to 
examine the coupled hydro-mechanical phenomena in spoil dumps induced by rainfall. This 
seems even more important given that studies [e.g. 22] predict substantial changes in near-future 
rainfall patterns due to anthropogenic climate change.  
Previous studies have investigated the mechanisms of rainfall infiltration into unsaturated soil 
[e.g. 23, 24], which is usually described by Darcy’s law as formulated in Richard’s equation. The 
hydraulic characteristics of the soil within the unsaturated zone is usually described by van 
Genuchten [25] equations. Moreover, the effect of negative pore pressure on the shear strength 
of unsaturated soil is usually explained using Bishop’s definition of effective stress [see 26, 27]. A 
large number of studies have employed the framework explained above to numerically model 
rainfall infiltration in natural slopes, while the stability of slopes is evaluated based on a limit 
analysis approach [e.g. 28, 29-34]. More recently, studies have employed elasto-plastic analyses 
combined with infiltration to assess the potential for rainfall-induced instabilities in slopes [e.g. 
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35, 36, 37]. However, these studies have employed a one-way coupling between the hydraulic 
and geomechanical analyses, where the flow solution is only used to determine the effective 
stress, while the void ratio and the permeability remain constant over time within the body of 
soil. While this may be a valid simplification for some natural slopes, it is critically important in 
spoil dumps to consider the spatial and temporal variation of void ratio and its corresponding 
effects on intrinsic permeability distribution. In other words, the infiltration equations take into 
account the dependence of permeability on saturation, but its dependence on mechanical 
deformations need also to be considered through a fully coupled hydro-mechanical framework.  
Despite the relatively large number of studies on rainfall-induced slope instabilities in 
unsaturated soils, only a few studies have considered the spatial variability of geotechnical 
properties. Zhang et al. [38] used a coupled hydro-mechanical stress distribution model (based 
on [39]) to assess the stress distribution within a slope to study the effect of variability of 
permeability and porosity, considering cross-correlation coefficients but without any spatial 
auto-correlation. Dou et al. [40] used a semi-analytical flow model for an infinite slope and found 
a closed-form limit state function to study the effect of a lognormal distribution of saturated 
permeability. Le, Gallipoli [34] employed a strength reduction technique in a coupled hydro-
elastoplastic model where a univariate random field of lognormal void ratio was analytically 
related to permeability. Cai et al. [41] studied the stability of an infinite slope through limit 
equilibrium analysis for normal random cohesion and friction angle related to one another with 
cross-correlation coefficients. Gomes et al. [42] coupled a three-dimensional flow model with a 
limit analysis to study the stability of slopes with random hydraulic properties. The random 
hydraulic properties were correlated using a Gaussian trivariate distribution. Recently, Das et al. 
[43] employed pore pressure field data to estimate the stability of vegetated slopes. They 
modelled suction as a univariate random variable while the dependence of cohesion and friction 
angle were based on a bivariate copula distribution.  
The present study considers four dependent random variables of void ratio, dry unit weight, 
cohesion, and friction angle which are cross-correlated using a multivariate Gaussian copula. The 
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cross-correlated copula is the best-fit copula to an existing dataset [44] to which a range of 
marginal distributions are fitted. The spatial correlation of random variables is based on a 
Gaussian auto-correlation function. Through a Monte-Carlo simulation, a number of realisations 
of multivariate random fields is then produced and numerically analysed. The numerical model 
used here is a fully coupled transient hydro-elasto-plastic model constructed in Abaqus, where 
saturated permeability is related to the random field of void ratio through the Kozeny equation. 
The values of void ratio and permeability are updated at every time step of the analysis. The 
unsaturated permeability and suction are estimated using the van-Genuchten relationship that 
uses the saturation data at each time step during rainfall simulation. The numerical results of 
each realisation are then interrogated through a set of post-processing analyses in order to 
estimate the slip surface shape and size of sliding volume as well as factor of safety (FoS). These 
analyses are conducted for each time step of the analysis. The framework employed in this paper 
is composed of some advanced techniques that enable a better representation of unsaturated soil 
behaviour while providing a relatively easy-to-implement and less-expensive computational 
approach (e.g. compared to strength reduction techniques). Thus, the framework introduced here 
can be employed by other researchers for different constitutive models and groundwater flow 
conditions, within a wide range of slope stability problems.  
 
2. Model development  
A model was constructed in Abaqus with specified uniform values for hydro-mechanical 
properties. Spatial variability of the properties was then implemented, based on a conditional 
multivariate random field technique. The fundamentals of this modelling approach and the basic 
governing equations are briefly explained in this section.  
 
2.1. Governing equations  
2.1.1. Water flow in unsaturated soil  
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Within an unsaturated soil framework, the volumetric flow rate of water through a unit area, 
𝒒𝒘, can be found using Darcy’s law as  
𝒒𝒘 = 𝝓𝑺𝒘𝒖𝒘 = −𝑲 𝛁 (𝒛 +
𝒑𝒘
𝝆𝒘𝒈
) Equation 1 
where 𝑲 is the hydraulic conductivity of the soil, 𝒛 is the elevation above datum, 𝜌𝑤 is the water 
density, 𝑝𝑤  is the pore water pressure, 𝑔 represents the gravitational acceleration, 𝜙 is the 
porosity of the soil, 𝒖𝒘 is the seepage velocity, and 𝑆𝑤 is the degree of saturation. Assuming water 
is an incompressible fluid, the equation above can be substituted into the mass balance equation 






 𝛁 ∙ (𝑲 ∙ [𝛁𝒑𝒘 + 𝝆𝒘𝒈]) − 𝝓𝑺𝒘𝑰: ?̇? Equation 2 
Note that the last term on the right hand side of the above equation is coupling the unsaturated 
flow to mechanical deformation, with ?̇? and 𝑰 being the strain rate and the identity matrix, 
respectively. The mechanical constitutive equations will be explained later in this section. It 
should be noted that this relationship is the fundamental equation for unsaturated flow that 
needs to be solved to determine pore water pressure and saturation. Also note that the hydraulic 
conductivity of unsaturated soil can be defined as  
𝑲 = 𝑘𝑟𝑲𝒔 Equation 3 
where 𝑲𝒔 is the hydraulic conductivity of saturated soil, and 𝑘𝑟 is the relative permeability which 
can be described using the definition of effective saturation, 𝑆𝑒, and the soil-water characteristic 
curve (SWCC) as [25]  
𝑘𝑟 = 𝑆𝑒
















𝑟  is the irreducible water saturation, 𝑙 is the tortuosity coefficient, and 𝑚 is an empirical 
material constant. Using van Genuchten’s SWCC, the negative pore water pressure within the 
unsaturated zone (i.e. suction) can be found using  










 Equation 5 
where 𝛼 is an empirical material constant, and 𝑛 = 1/(1 − 𝑚). In order to account for the effect 
of elastoplastic deformation of soil, the saturated hydraulic conductivity is considered to be 
related to porosity of the soil, which itself is tied to the volumetric strain of the soil. The simplest 
form of such a relationship is the Kozeny equation [34] 










 Equation 6 
where subscripts of zero denote the initial values of hydraulic conductivity and porosity.  
 
2.1.2. Elastoplastic deformation in soil  
Assuming the air phase is continuous, the excess air pressure can be neglected and hence, the 
Bishop’s definition of effective stress, 𝝈′, can be written as  
𝝈′ = 𝝈 + 𝜒𝑝𝑤𝑰  Equation 7 
where 𝜒 is the effective stress parameter. There exist a number of formulations for the effective 
stress parameter [e.g. 45], but a widely-used assumption is adopted here that considers the 
effective stress parameter to be equal to the degree of saturation.  
The classical approach in solid mechanics employs an additive strain rate decomposition that 
separates the elastic and plastic parts of the strain rate (?̇? = 𝜺?̇? + 𝜺?̇?). Elastic and plastic parts are 
then related to the effective stress using elastoplastic relations for a continuum. The two 
components of strain are related to effective stress as  
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where 𝑫 and ?̇? represent the stiffness matrix and strain rates, respectively. The superscripts 𝑒 
and 𝑝 denote the elastic and plastic parameters. Note that the Mohr-Coulomb model is used as 
the yield criterion along with a non-associated flow rule to model the plasticity of soil, where 𝜆 is 
the plastic multiplier. More details on the governing equations can be found in Abaqus [46].  
 
2.2. Geometry and boundary conditions of the model  
Figure 1 illustrates the geometry of the finite element model constructed in Abaqus, along with 
the specified boundary conditions and fixities used in this study. The two sides of the model (AF 
and DE) and the bottom boundary (FE) were chosen as roller boundaries (i.e. zero normal 
displacements). An initial water table was located at 0.5m below the toe of the slope (i.e. 
y=19.5m). A no-flow condition was assigned on boundaries DE and EF while a drichlet seepage 
was prescribed along AF. The slope surface is mechanically free and a constant flowrate of 𝑞 
(equivalent to the rainfall intensity) was assigned to simulate rainfall infiltration. In addition, a 
drainage-only condition was prescribed along ABCD which means that pore pressure is not 
allowed to be greater than zero.  
 




The numerical model was discretised with a total of 1376 elements of CPE8RP (8-node plane 
strain quadratic, reduced integration with pore pressure degree of freedom) elements. As shown 
in Figure 1, the mesh was refined near the toe of the slope, where larger deformation and stress 
concentration are likely to occur, and larger elements were used for other areas to reduce 
computational requirements. The simulation was run for 10 days of continuous rainfall, unless a 
numerical convergence issue related to excessive plastic strain due to failure of the slope 
occurred prior to this. The model used the parameters listed in Table 1. For the purpose of this 
study, a relatively low rainfall intensity of 2.5 mm/hr was chosen; this is smaller than the 
permeability of the soil and gives a relative intensity (𝑞/𝐾𝑠,0) of 0.47 for the homogenous case. 
This means that all the rainwater infiltrated into the soil and no run-off occurred in the models. 
Note that the values of cohesion, friction angle, void ratio, and density are not given in this table; 
their random assignment will be explained in the next section.  
Table 1: Constant parameters used for constructing the model  
Parameter  Value  Unit 
Saturated hydraulic conductivity (𝑲𝒔,𝟎) 1.5x10-6 m/s 
Residual degree of saturation 0.27 - 
Suction constant (𝜶) 0.167 1/kPa 
Tortuosity coefficient (𝒍) -4 - 
Exponent in SWCC (𝒏) 1.7  
Rainfall intensity (𝒒)  7.05x10-7 (2.5) m/s (mm/hr) 
 
3. Generation of multivariate geotechnical random field 
The theory of random fields [10] is a common approach for modelling spatial variability of soil 
properties. Two types of correlation structures are needed to generate random fields [e.g. 1, 2, 
47]: auto-correlation, which describes the relation between values of a random variable at two 
locations in a spatially correlated field; and cross correlation between multiple random variables. 
In these studies, the cross-correlation matrix containing the correlation coefficients was used 
which expresses the dependence of two random variables (cohesion and friction angle). 
However, to solve a problem involving several random variables, a joint probability density 
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function (PDF) or a joint cumulative probability density function (CDF) is needed as it may have 
significant implications on the results of probabilistic analyses [14]. In geotechnical engineering 
applications, only the marginal distributions and covariance matrices are usually available. 
However, copula theory is a promising method to tackle this challenge where the joint PDFs and 
joint CDFs can be estimated from the marginal distributions. The theory and procedure for 
generation of multivariate cross-correlated geotechnical random fields are briefly explained in 
this section.  
3.1. Brief description of copula theory  
In order to be able to construct the joint probability distributions of multivariate data, a copula 
function can be used. Copulas are functions that join multivariate distribution functions to their 
one-dimensional distribution functions. Let 𝑣1, 𝑣2, … , 𝑣𝑛 denote the dependent random variables 
with marginal (one-dimensional) CDFs of 𝐹1(𝑣1), 𝐹2(𝑣2), … , 𝐹𝑛(𝑣𝑛). According to Sklar's theorem 
[48], a unique copula function, 𝐺, exists that relates the joint CDF, 𝐹(𝑣1, 𝑣2, … , 𝑣𝑛), to the marginal 
CDFs. Transforming the measured datasets of dependent variables (𝑣1, 𝑣2, … , 𝑣𝑛) into a uniform 
distribution (𝑣1̅̅ ̅, 𝑣2̅̅ ̅, … , 𝑣𝑛̅̅ ̅), the equation of copula can be written as  
𝐺(𝑣1̅̅ ̅, 𝑣𝑛̅̅ ̅, … , 𝑣𝑛̅̅ ̅) = ?̅?R[?̅?
−1(𝑣1̅̅ ̅), ?̅?
−1(𝑣2̅̅ ̅), … , ?̅?
−1(𝑣𝑛̅̅ ̅)] Equation 9 
where 𝐹𝑅̅̅ ̅ is the joint CDF of a multivariate normal distribution of the transformed variables (i.e. 
𝑣1̅̅ ̅, 𝑣2̅̅ ̅, … , 𝑣𝑛̅̅ ̅ , which have mean values of zero and a covariance matrix that is equal to the 
correlation matrix), and ?̅?−1  is the inverse cumulative distribution (quantile) function of the 
standard normal distribution. Gaussian copula is the most common multivariate copula function 







𝑽𝑻(𝑹−𝟏 − 𝑰)𝑽} Equation 10 
where 𝑔 is the copula density function, 𝑹 is the cross-correlation matrix (containing the cross-
correlation coefficients of each pair of variables), 𝒗 is a vector containing 𝑣1, 𝑣2, … , 𝑣𝑛, and 𝑽 is a 
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vector containing ?̅?−1[𝐹𝑖(𝑣𝑖)], 𝑖 = 1,2, … , 𝑛 . The expression for the joint multivariate density 
function can then be written as  
𝑓(𝒗; 𝑹) = 𝑔(𝒗; 𝑹) ∏ 𝑓𝑖(𝑥𝑖)
𝑛
𝑖=1
 Equation 11 
where 𝑓  is the joint multivariate probability density function, and 𝑓𝑖  is the marginal density 
function of variable 𝑥𝑖. Also note that elements of 𝑅 are the correlation coefficients between each 




; 𝑖, 𝑗 𝜖[1,2, … 𝑛] 
Equation 12 
where VAR and COV represent the variance and covariance, respectively. The main difference 
between the Gaussian copula model and the standard Gaussian multivariate distribution is that 
the marginal density functions in the Gaussian distribution are necessarily Gaussian while the 
marginal density functions of the Gaussian copula model can be any continuous density function. 
This makes the Gaussian copula model more versatile than the Gaussian multivariate 
distribution.  
 
3.2. Cross-correlation of geotechnical properties  
The first step in generating the conditional random field is to identify the dependence 
structure of multiple properties as observed in the field. This enables a rigorous characterisation 
of the cross-correlation among multiple geotechnical properties. In order to achieve this, a 
dataset from Soenksen, Turner [44] was used to estimate the dependencies between the four 
variables of cohesion, friction angle, dry density, and void ratio (see Table 2). First, the marginal 
CDF of each variable was estimated, for which the statistics toolbox of MATLAB was used. The 
characteristics of the fitted distributions for the four variables are given in Table 3. For each 
variable, the data were fitted with different distribution types and the type that provided the most 
realistic trend and range (e.g. non-negative values, extremely low or high values) was chosen. For 
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example, the use of Weibull distribution is important in case of cohesion in order to avoid 
negative values, as opposed to the normal distribution used by Zhu et al. [50]. In addition, the 
Weibull distribution, unlike a lognormal distribution, does not lead to unrealistically high values 
of cohesion. The marginal cumulative distribution functions of the experimental data and the 
corresponding fitted distributions are illustrated in Figure 2.  
Table 2: Dataset for Missouri River Tributary Basin [after 43] 
Cohesion (kPa)  Friction angle (deg)  dry density (kN/m3)  void ratio (-)  
13.7 28.9 14.064 0.874 
3.2 27.9 12.315 1.145 
2.5 32.2 13.984 0.891 
4.8 30.7 14.963 0.773 
27.3 21.3 14.417 0.840 
8.1 29.7 14.397 0.847 
3.3 25.2 13.442 0.969 
8.7 26.6 12.845 1.059 
23.6 15.7 13.280 1.000 
7.7 26.6 11.778 1.247 
6.6 39 14.957 0.763 
16.8 29.8 12.893 1.041 
11.3 34.6 13.132 1.017 
11.2 29.9 13.955 0.902 
10.7 27.9 14.149 0.879 
7.7 24.1 12.774 1.075 
3.5 23 12.748 1.080 
13.5 27.2 13.455 0.970 
8.6 31.6 13.037 1.021 
9.1 24.4 14.396 0.842 
16 27.6 14.520 0.820 
 
Table 3: Estimated distribution parameters for the dataset presented in Table 2 
Variable Distribution type 
First parameter Second parameter 
Value Description Value Description 
Cohesion (kPa) Weibull  11.711 scale parameter 1.748 shape parameter 
Friction angle (deg) Normal 27.805 mean  4.869 standard deviation 
Dry unit weight (kN/m3) Lognormal 2.608 mean  0.065 standard deviation 




Figure 2: Marginal (one-dimensional) cumulative distribution functions of the dataset presented in Table 2  
The second step is finding the parameters for the corresponding 4-dimensional Gaussian 
copula using these fitted marginal distributions. To do this, the previously obtained distribution 
functions were used to give the measured data in standard uniform distribution space. Then, the 
transformed data were employed to estimate the best-fit copula using the maximum likelihood 
method as implemented in MATLAB [51]. The correlation matrix, 𝑹, for the best-fit copula for 
these four variables is a symmetric 4×4 matrix, as presented in Table 4. The elements of this 
correlation matrix describe how each pair of variables are related (Equation 12) with scalar 
values in the range ±(0,1); linear dependence is indicates as values approach ±1 , complete 




Table 4: Estimated multivariate copula correlation matrix for the dataset presented in Table 2  
Variable Cohesion  Friction angle  Dry unit weight  Void ratio  
Cohesion  1 -0.3868 0.1692 -0.1592 
Friction angle  -0.3868 1 0.2641 -0.2942 
Dry unit weight  0.1692 0.2641 1 -0.9982 
Void ratio  -0.1592 -0.2942 -0.9982 1 
 
 
3.3. Generating the multivariate random field  
In order to construct a random field, the relationship between any two observations in the 
field needs to be considered through their separation distance and scales of fluctuation. There are 
a number of correlation structures available, such as the Gaussian presented below  










]} Equation 13 
where 𝜚  is the auto-correlation function, 𝜃ℎ  and 𝜃𝑣  are the horizontal and vertical scales of 
fluctuation (also known as auto-correlation distances), respectively, and 𝜒ℎ  and 𝜒𝑣  are the 
autocorrelation distances in horizontal and vertical directions, respectively. The auto-correlation 
distances are informally understood as the distance within which the values of a given soil 
property are significantly correlated [47]. Note that in this equation, major and minor auto-
correlation distances can be chosen equal to each other (2.0 m), which leads to an ‘isotropic’ 
random field. Note that it is assumed that all parameters share the same auto-correlation 
structure, an assumption widely used in the literature [e.g. 1, 50, 52]. The Gaussian auto-
correlation function produces random fields with smoother transition and separation between 
regions of constant property values, compared to the widely-used Markov function [47].  
Having the coordinates of each node in the mesh structure introduced previously, an auto-
correlation matrix can be obtained using the auto-correlation function above, with a dimension 
of N×N, where N is the number of nodes. Then, following the method used by Davis [53], this auto-
correlation matrix can be used to produce four sets of multivariate random numbers (a set for 
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each geotechnical property; each set contains N numbers assigned to each spatial node). The 
produced sets of random numbers, referred to as matrix 𝑴, have standard normal distributions 
(i.e. mean of zero and standard deviation of 1.0) and can be transformed into uniform distribution 
space and correlated following the Gaussian correlation function. Then, the cross-correlation 
matrix obtained in the previous section, 𝑹, is employed to compute matrix 𝑳 such that  
𝑹 = 𝑳𝑻 × 𝑳 Equation 14 
This is a Cholesky-like covariance decomposition [54]. Then  
𝑽 = 𝑳 × 𝑴 Equation 15 
where 𝑽 contains four vectors of correlated standard normal random numbers. Then, following 
the methodology proposed by Zhu, Zhang [50], the four vectors can be transformed to the original 
distribution space using the inverse of the CDFs listed in Table 3. The product of this process is 
the multivariate cross-correlated random field for the four variables of cohesion, friction angle, 
dry unit weight, and void ratio. A typical set of cross-correlated random field realisations 
generated with this method is given in Figure 3 and 4. Figure 3 shows the inter-relationship (i.e. 
cross-correlation) between the four random variables in a realisation and Figure 4 presents their 
spatial distribution for this realisation within the slope model.  
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Figure 4: A typical realisation of random parameters using the Gaussian auto-correlation function on 
multivariate random field  
 
4. Determination of critical slip surface and safety factor  
Prior to presenting results from Monte-Carlo simulations, the methodology for critical slip 
surface and safety factor calculation are explained here. Abaqus results of stress, strain, pore 
pressure, and displacements were imported into MATLAB and used to estimate the critical slip 
surface of the slope using an optimisation technique at 6-hour intervals of simulated rainfall. 
Many strategies for critical slip surface determination have been developed using a variety of 
optimisation algorithms [e.g. 55, 56-60]. Finding the safety factor using optimisation techniques 
is substantially less computationally expensive than the strength reduction technique and 
therefore is better suited to probabilistic analyses. The technique employed in this study is briefly 
explained below. This method can be applied at every time step of the analysis for each realisation 
so that the evolution of safety factor is obtained.  
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For an arbitrary slip surface whose path is defined by 𝑆 (and 𝑠 is the position on 𝑆), the safety 




 Equation 16 
where  
𝜏𝑚𝑎𝑥(𝑠) = 𝑐′ + 𝜎𝑛
′ (𝑠) tan 𝜑′ Equation 17 
where 𝜎𝑛
′  is the normal effective stress, and 𝑐′ and 𝜑′ are the effective cohesion and friction angle, 
respectively. The effective stress field determined by Abaqus is given by 𝜎𝑥
′ , 𝜎𝑦
′  and 𝜏𝑥𝑦. Note that, 
following Kim and Lee [55], the global stress smoothing method was applied to get a continuous 
stress field; that is the interpolation of stresses at any coordinate within the finite elements. The 
normal and shear stress field along the slip line path can then be written as  
𝜎𝑛
′ (𝑠) = 𝜎𝑥
′ (𝑠) sin2 𝜔(𝑠) − 2𝜏𝑥𝑦(𝑠) sin 𝜔(𝑠) cos 𝜔(𝑠) + 𝜎𝑦
′ (𝑠) cos2 𝜔(𝑠) Equation 18 
𝜏(𝑠) = 𝜎𝑥
′ (𝑠) sin 𝜔(𝑠) cos 𝜔(𝑠) + 𝜏𝑥𝑦(𝑠)(sin
2 𝜔(𝑠) − cos2 𝜔(𝑠))
− 𝜎𝑦
′ (𝑠) sin 𝜔(𝑠) cos 𝜔(𝑠) 
Equation 19 
where 𝜔(𝑠) is the angle of the slip surface from horizontal.  
The goal is to find a geometry for path 𝑆 along which the safety factor is minimum. In order to 
achieve this, the iterative finite-difference scheme introduced by Kim and Lee [55] was used. An 
initial trial for the slip surface was taken as an arbitrary circle. The circular geometry was then 
optimised (through an unconstrained minimisation of safety factor function) using the MATLAB 
built-in general pattern-search (GPS) algorithm [61] by finding its centre and radius (three shape 
parameters), as shown in Figure 5a. Then, three equidistant (in x-direction) points on the circular 
geometry were taken, and the GPS algorithm was used to optimise the y-coordinates of the 3 
inner-points and the x-coordinates of the two end-points of the slip surface (Figure 5b). The x-
coordinates of the 3 inner-points were constrained to stay equidistant with respect to the 2 
extreme points. Next, the number of segments (𝑛𝑠) was doubled (i.e. 2𝑛𝑠  segments, described 
with 2𝑛𝑠 + 1 vertices) and the optimisation process repeated. This doubling procedure was then 
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repeated to obtain additional slip surfaces (those with 9 and 17 points are illustrated in Figure 
5c,d). Figure 6 shows that the relative change between each iteration reduces with increasing 
number of points. While up to 257 points were used to define the slip surface in this specific 
example, it should be noted that increasing the number of points requires additional 
computational resources and therefore should be avoided when possible. In addition, the number 
of points should not be beyond the level of detail (granularity) of the random field. The 
optimisation process in this paper (using 17 points) ensured that the relative error in the 
estimated safety factor and sliding volume were negligible (less than 0.5%), as shown in Figure 
6.  
The search strategy employed in this paper is similar to that in Kim and Lee [55], with two 
main differences. First, the vertices here were chosen to be in spline form as opposed to linear. 
Second, a pattern-search algorithm was employed [see 62]. The former was done to enhance the 
accuracy of the slip surface estimation, while the latter takes advantage of the built-in capabilities 
of MATLAB. All of the mentioned optimisation algorithms (including pattern-search) have been 
shown to accurately estimate safety factors, as evident in comparative studies [e.g. 59], hence 
choosing a different minimisation algorithm to the ones adopted in this paper would not 
adversely affect the performance of the search strategy. 
 
Figure 5: Safety factor optimisation with a circle, then 5, 9 and 17 point splines  
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Figure 6: Relative error in the estimated sliding volume and safety factor as a function of number of vertices  
 
5. Results and discussion  
The numerical model presented in Section 2.2 was first used to simulate a homogenous slope 
using the parameters listed in Table 1 and the mean values of the four variable parameters listed 
in Table 3. The results of this homogenous case are presented as a reference for those obtained 
from the Monte-Carlo simulation. The Monte-Carlo simulation carried out in this paper consisted 
of 𝑛𝑀𝐶 = 1000  realisations of the multivariate random field using the previously mentioned 
time-dependent hydro-mechanical model. In order to achieve this, 𝑛𝑀𝐶 input files were created 
using MATLAB where the values of void ratio, dry unit weight, cohesion, and friction angle were 
assigned to the coordinates of the numerical mesh, following the operations described in Section 
3.3 and using the data in Table 2.  
To optimise the meshing structure of the model, several realisations of the multivariate 
random field were selected and applied in the numerical model. The mesh structure in Figure 1 
was chosen following a trial and error process where computational efficiency was optimised 
whilst also preserving the complexity of the multivariate random field. Care was taken to ensure 
the mesh size and discretisation provided a high level of accuracy in the outputs. All realisations 
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were then generated based on this optimised FEM mesh in MATLAB and assigned to elements 
through a user-defined subroutine in Abaqus. At the end of this process, an Abaqus input file was 
generated for each realisation of the multivariate random field in the Monte-Carlo simulation 
scheme. 
Then, the input files were submitted to Abaqus using a batch file to run in sequence. As stated 
earlier, development of excessive plastic strain led to termination of many cases before the 
intended 10 days of simulated rainfall. Non-convergence of a finite element model is widely used 
as a criterion for slope failure [e.g. 63, 64] as it means that the algorithm is unable to find a stress 
redistribution that will simultaneously satisfy both global equilibrium and the Mohr–Coulomb 
failure criterion. Figure 7 presents the histogram of ‘time to failure’ (defined as the time of non-
convergence of the finite element model) in the Monte-Carlo simulation. It can be seen that nearly 
25% of the cases failed within the first day of rainfall, and that nearly 85% of the cases failed by 
the time the homogenous case failed. Also note that nearly 5% of the cases did not fail after 10 
days of rainfall (shown by the red bar stacked on the right side of the chart).  
 
Figure 7: Histogram of time of failure for all tests. Note that relative frequency is frequency divided by 𝒏𝑴𝑪  
Figure 8 shows a heat map chart of the slip surfaces at different rainfall times (the greater the 
number of slip surfaces passing through a point, the ‘hotter’ the colour on the heat map chart, 
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hence yellow indicates a higher frequency of slip surfaces). Note that the slip surface of the 
homogeneous case is superimposed with a solid line (for comparison purposes, the critical 
homogeneous slip surface at time = 5.7 days is also shown in plots beyond this time). The figure 
shows data for rainfall durations of 0, 1, 2, 4, 7 and 10 days. A time of 0 days indicates the state of 
the slope under initial conditions (i.e. before rainfall starts). At 0 days, the critical surface is the 
largest but the slope is at a relatively safe initial condition (FoS generally greater than 1.5, as 
discussed later with Figure 9a). Within the first two days of rainfall infiltration, the effective stress 
state changes relatively rapidly at the shallower depths of the slope and the critical slip surface 
tends to become smaller; in other words, the minimisation process finds a shorter path for the 
critical surface due to changes in the effective stress distribution. This is especially true for the 
homogeneous case, where the critical slip surface decreases in size more rapidly than the 
predominant trend of the nonhomogeneous cases. After 2 days of rainfall, the size of the 
homogeneous case slip surface tends to increase. As rainfall continues past 2 days, the water 
infiltrates into more of the soil, modifying the effective stresses more widely within the slope and 
mobilising a larger volume of soil. The homogeneous soil is seemingly more susceptible to this 
mechanism, hence the increase in slip surface size after 2 days, whereas the predominant shape 
of the nonhomogeneous slip surface does not change significantly after 2 days. At the initial 
condition, the predominant slip surface from the Monte-Carlo simulation (i.e. where the greatest 
frequency of slip surfaces occurs) coincides well with the homogenous case, but as rainfall 
continues to 2 days, the slip surface for the homogenous cases is found to be smaller. This 
suggests that a deterministic simulation can underestimate the size of the mobilised mass of soil 
at certain times. The homogeneous and nonhomogeneous slip surfaces then tend towards one 
another again at the higher rainfall durations. 
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Figure 8: Heat map chart of slip surfaces of all 1000 simulations at different rainfall times; the homogeneous 
case is shown in red 
Figure 9a shows a heat map of factor of safety as a function of rainfall duration. It can be 
gleaned from these results that the factor of safety decreases as a result of increasing pore 
pressures within the slope following rainwater infiltration into the unsaturated soil, which makes 
the slope more susceptible to failure. The factor of safety of the homogenous case generally 
overestimates those from the Monte-Carlo simulation. Note that while limit equilibrium methods 
may provide FoS values much smaller than 1.0, the minimum FoS defined from the finite element 
solution can only reach about 1.0 as this indicates an unconstrained mobilisation of the sliding 
volume along the slip surface. For the homogenous case, the FoS is nearly 1.0 around the time of 
failure (5.7 days) but slightly increases at the final step of the analysis due to some beneficial 
support achieved through the mobilisation of the sliding volume.  
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Considering the distribution of FoS (and cases of non-convergence) from the Monte-Carlo 










1      𝐹𝑜𝑆 < 1 OR non − convergence
0      𝐹𝑜𝑆 > 1                                               
 
This approach may have some limitations (e.g. concerns over use of non-convergence as a failure 
criterion can be criticised [e.g. 65], issues relating to consideration of serviceability of a slope 
[66]), however in this case it enables an appreciation of the general trend of uncertainty in the 
assessment of slope stability. As seen in Figure 9b, the failure probability is very small (nearly 
zero) at the beginning of the simulation but rapidly increases as rainfall duration continues and 
reach almost 100% after 10 days of simulated rainfall. Such an extreme change in failure 
probability within the unsaturated slope model shows how stability can be significantly 
compromised with rainfall infiltration. Comparison of Figure 9a and b also shows that the 
possibility of failure cannot be captured through analysis of FoS alone. For example, the FoS of 
the deterministic case after 5.7 days of rainfall is around 1.1 while the failure probability is close 
to 80 % at that time. Figure 9c shows the PDF of the failure time of the slope obtained from the 
probability of failure curve, following Zhang et al. [67]. Note that the PDF of the failure time is the 
gradient of the failure probability curve with respect to time. A steeper failure probability curve 
implies larger probability density values and hence a more peaked PDF. 
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Figure 9: (a) Factor of safety as a function of rainfall duration, (b) failure probability as a function of rainfall 
duration, (c) probability density function (PDF) of failure time  
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Figure 10 shows a heat map of the sliding volume as a function of rainfall duration and 
generally indicates that sliding volume decreases with rainfall duration up to nearly 3 days but 
then slightly increases as rainfall continues. This observation, alongside those from Figure 8 and 
Figure 9, indicate that increasing pore pressure within the slope causes the sliding volume to 
become smaller, but that this smaller volume is more likely to lead to slope failure. This trend 
may be attributed to the rainfall infiltration process where the water initially infiltrates into the 
shallower locations in unsaturated zone and then moves downward and towards the outlet 
(boundary AF in Figure 1) and thus the critical slip surface is shallower. Beyond 3 days, the 
rainfall infiltration changes the effective stress state within more of the slope which leads to the 
gradual enlargement of the sliding volume, especially for the homogeneous case. While the 
homogenous simulation was shown to overestimate the factor of safety at certain times, its sliding 
volume is underestimated. This shows that a deterministic approach in slope stability analysis 
can underestimate the risk of failure and highlights the need for a probabilistic approach.  
 
Figure 10: Sliding volume as a function of time 
In order to further analyse the mechanism of failure within the unsaturated slope, the 
evolution of factor of safety as a function of the position of water table was investigated. This was 
done using the level of water on the right boundary of the model (the highest point of the water 
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table). This value represents the pressure head at the bottom right corner of the model (point E 
in Figure 1); the initial water level is therefore 19 m. The heat map in Figure 11a depicts the rise 
of water level at this point against rainfall duration for all the Monte-Carlo simulation cases. 
Figure 11b illustrates the reduction of FoS as a function of water level, which interestingly 
exhibits a nearly linear trend. This suggests that FoS is strongly related to the water level and, as 
expected, can be considered as the main mechanism driving slope failure within the analyses 
conducted in this study.  
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Figure 11: Heat map of (a) water level rise as a function of rainfall duration and (b) safety factor versus water 
level  
 
6. Conclusions  
The aim of the present study was to evaluate the effect of spatial variability of soil properties 
on the stability of an unsaturated slope subjected to rainfall infiltration over a duration of 10-
days. Four dependent random field variables (void ratio, dry unit weight, cohesion, and friction 
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angle) were considered. A Monte-Carlo simulation was adopted to generate a series of 
realisations of multivariate random fields to be used as input parameters for a numerical model 
in Abaqus. An optimisation technique was used to interrogate the random field numerical model 
results in order to estimate slip surfaces, size of sliding volume, and factor of safety at 6-hour 
intervals of simulated rainfall; results were compared against those from a homogeneous soil 
slope. While considering multivariate random field increases the complexity of simulation, its 
effect on the accuracy of slope stability analysis under rainfall is significant and should not be 
neglected. The use of copula theory is also of great importance as it provides a faster and more 
accurate representation of the inter-dependent properties of soil with random excavation and 
deposition techniques, such as those used for lignite mine spoils.  
The multivariate random field results indicated that, after a specific rainfall duration, the 
factor of safety (FoS) for the nonhomogeneous case was normally lower than the homogenous 
condition. The sliding volume was underestimated in the homogenous case compared to the 
nonhomogeneous case. The variation of safety factor against water level within the slope showed 
a linear trend, indicating that the water table was the main mechanism driving failure for the 
unsaturated slopes considered in this investigation.  
It was shown that the probability of failure is a more representative index for stability of slopes 
compared to FoS, as demonstrated using the evolution of probability of failure with rainfall time. 
In the results presented in the paper, the probability of failure was shown to increase from nearly 
zero to almost 100 per cent during 10 days of rainfall, which not only highlights the importance 
of the probabilistic approach but also illustrates the significance of rainfall infiltration on stability 
of unsaturated slopes. 
The methodology presented in this paper can be considered as a framework for probabilistic 
slope stability analyses. The paper provides detailed explanations of the steps needed to be taken 
for generation of dependent random parameters and the numerical simulation of unsaturated 
slopes with random fields. It should be noted, however, that in this paper, the SWCC parameters 
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are considered to be constant, while in reality they will vary spatially. Implementing the 
variability of SWCC parameters in the framework presented in this paper framework is possible 
through the random field generation methodology. However, a comprehensive experimental 
dataset is required in order to establish the cross-correlation structure of SWCC parameters with 
other geotechnical properties. Future research, therefore, should focus on development of such 
experimental data. Once such data is established, the implementation of spatially variable SWCC 
parameters is possible through the framework developed in this paper. The adopted optimisation 
methods to evaluate slip surface can also enhance the computational efficiency of the 
probabilistic approach compared to other methods, such as the strength reduction technique.  
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